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Agenda

• Fluctuations on binned spaces

• Covariances and Pearson’s coefficient

• Autocorrelation density ratio for n and pt

• Autocorrelations directly from pair ratios

• Fluctuation/autocorrelation integral equation

• Inverting the integral equation

• Autocorrelations vs conditional distributions
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Fluctuations on Binned Spaces
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Pearson’s Correlation Coefficient

• Normalized fluctuation 
measure – the most basic 
correlation measure

• Relates fluctuations in two 
bins – are they correlated or 
not?
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Object and Reference Distributions
object distribution: sibling pairs

reference distribution: mixed pairs

fluctuations correlations
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the autocorrelation is a projection by averaging of a 
two-point distribution onto difference variable(s) x∆

for space-invariant (on xΣ) correlations this is a lossless projection

212121 ),( ϕϕϕϕϕϕϕϕ +≡−≡→ Σ∆

1 2 1 2 1 2( , )η η η η η η η η∆ Σ→ ≡ − ≡ +

x1

autocorrelation:
projection onto
difference variable

x2 x∆ xΣ

space 
invariance?

Autocorrelations

projectoften true

autocorrelations can be in the form
of densities ρ (x∆)
or histograms
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Autocorrelation Density Ratio
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What About  pt ?
2

2 2 2
ˆ

ˆ ˆ( ) ( ) ( ) ( )
~

t

ab a b t t a t t b

a b a b p a b

n n n n p n p p n p
r

n n n n

�

� � �

� � � �
� 	

relative number covariance relative pt covariance

Poisson Poisson

� � � � � �ˆ ˆt t t t tp p p np p n n� � � � �

implies

� � � �ˆ ˆcompare  with t t tp np p n n� �

( ) ( ) ( )( ) ( )22 2
ˆ: ˆ /

t tp n t t px p x n x p n xσ δ δ δ δ σ∆ ≡ − −

we omit the σσσσ 2 factor in the 
denominator to facilitate 

n-pt comparisons

number and pt relative covariances have the same structure: Pearson

( ) ( ) ( )( ) ( )22
/ / 1n x n x n x n xσ δ δ δ δ∆ ≡ − −

a = b
scale

dependent



Prindle 9

φ
∆

∆ρ
 / 

√ρ
re

f 

η ∆

0
2

4

-2

-1

0

1

2

-0.01
0

0.01
0.02
0.03
0.04
0.05
0.06

calculate autocorrelations directly as pair ratios

‘direct’  look at autocorrelation,

computationally expensive:

200 GeV p-p

joint (η,φ) autocorrelations

n
pt

Autocorrelations from Pair Ratios

equivalent ratios for n and pt

autocorrelations can also be obtained by inverting 
corresponding fluctuation scale dependence   →
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Derivation – Part I

what we measure x1δx
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To perform the numerical integration the 
acceptance is divided into microbins of fixed size εx

The average over macrobins is rearranged 
to an average over microbins

average over all 
macrobins in all events
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what we measure

what we infer
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Tikhonov regularization - minimize:

We know T - given D we solve for I:

2 2 2|| || || ||α α αχ α≡ − +D TI LI

Iα is treated as a matrix of free values 
in a χ2 fit subject to:

or NTID +=

Fredholm integral equation: Kmn,kl

Inversion and Regularization

matrix equation
I

D

)(1
αααα NDTI −= −

NT 1−the         noise term must 
be reduced by smoothing
or ‘ regularization’

data-image mismatch small-λ noise on image

e.g., local gradient

T

1−T is a differentiation,
acts as a high-pass filter
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controls a compensating low-pass filter: small 
values retain all data information, but also all noise
larger values reduce noise, and finally signal
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Error Estimation

error estimates

1. Invert data to get smoothed autocorrelation
2. Integrate forward to get smoothed ‘data’
3. invert smoothed ‘data’  a second time
4. differences in either case estimate combination

of residual statistical error and smoothing distortion
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Inversion Precision: Comparisons
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Two Correlation Types
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Autocorrelations and Conditional Distributions
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Leading-particle vs Symmetric

• The distribution above is 
sibling – mixed, with all 
background removed

• Triggered backgrounds require 
model subtraction
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Summary

• An integral equation connects fluctuation scale 
dependence with corresponding autocorrelations

• Inversion of the integral equation produces 
autocorrelations equivalent to direct pair counting

• Fluctuations are thereby directly interpretable in 
terms of the underlying two-particle correlations

• Autocorrelations are complementary to leading-
particle techniques for studying nuclear collisions 


