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Outline
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•  Introduction & Motivation
• thermal dilepton & photon emission rates, electrical conductivity 
• Euclidean correlation and spectral functions

•  Vector correlation functions on the lattice
• finite volume & cut-off effects
• continuum extrapolation

• Thermal dilepton emission rate and electric conductivity
• continuum extrapolated results at T≃1.45Tc 
• preliminary results at T≃1.1Tc 

• Conclusions & Outlook

• Thermal photon emission rate
• continuum extrapolated vector correlators at finite p at T≃1.1Tc 
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Electromagnetic observables in HIC
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photon/dilepton production rates
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ūγµu− 1

3
d̄γµd−

1

3
s̄γµs+ · · ·

Electromagnetic current operator

Rγ =
d4Nγ

d4x
=

1�
d4x

�
d3p

2ω(2π)3
1

Z

�

f,i,λ

e−(Ei−µNi)/T
���S(λ)

fi

���
2

Number of photons emitted per unit proper volume

ω
dRγ

d3p
=

�

f

Q2
f
αem

4π2

ρT (ω = |�p|, �p)
exp(ω/T )− 1

Photon emission rate

Emission rate of dilepton from virtual photons
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Above EM emission rate formulae are valid in 
leading order of αem and exact to all orders in strong coupling
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 Experimental results on dilepton rates 
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• Controversy between STAR and PHENIX in the low mass low pt region

dNl+l−

dωd3p
= Cem

α2
em

6π3

ρV (ω, �p, T )

(ω2 − �p2)(eω/T − 1)
Cem = e2

nf�

f=1

Q2
f• dilepton rates:

• If PHENIX is right it may imply new mechanism for dilepton production

PHENIX: Phys. Rev. C 81 (2010) 034911
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Direct photon spectra

PHENIX: Phys.Rev.Lett.104:132301,2010

• Enhanced direct photon production in AuAu/PbPb collisions at pt<2.5 GeV/c

• photon emission rate:

ALICE, M. Wilde, arXiv:1210.5958

ω
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αem

4π2

ρT (ω = |�p|, T )
exp(ω/T )− 1
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Vector correlation & spectral functions
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ρ(ω, �p) = D+(ω, �p)−D−(ω, �p) = 2 ImDR(ω, �p)

Spectral function

Jµ(τ, �x) ≡ q̄(τ, �x)γµq(τ, �x)

Gµν(τ, �p) =

�
d3x�Jµ(τ, �x)J†

ν(0,�0)� ei�p·�x

Euclidean correlation function

GH(τ, �p, T ) =

� ∞

0

dω

2π
ρH(ω, �p, T )

cosh(ω(τ − 1/2T ))

sinh(ω/2T )
, H = 00, ii, V .

Relation between spectral function and correlator

D+(t, �x) = D−(t+ iβ, �x)G(τ, �p) =

�
d3x e−i�p·�x D+(−iτ, �x) ,
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Vector correlation function
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time like correlator G00 and space like correlator Gii

GH(τ, �p, T ) =

� ∞

0

dω

2π
ρH(ω, �p, T )

cosh(ω(τ − 1/2T ))

sinh(ω/2T )
, H = 00, ii, V .

GV (τ, �p, T ) = Gii(τ, �p, T ) +G00(τ, �p, T )

the local, non-conserved current needs to be renormalized

avoid ambiguities of renormalization

conserved current, J0, gives τ-independent correlator G00  

G00(T ) ≡ −χqT +O(a2)
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Prior information on spectral functions

free vector spectral function (in the infinite temperature limit)

ρfreeii (ω) = 2πT 2ωδ(ω) +
3

2π
ω2 tanh(

ω

4T
)

vector spectral function at T<∞

-functionδ✦                    in ρii is smeared out

-functionδ✦                    in ρ00 is protected

ρfree00 (ω) = −2πT 2ωδ(ω)

-functionsδ cancel in ρV (ω) ≡ ρ00(ω) + ρii(ω)✦s

possible form:  Breit-Wigner (BW) form + modified continuum

ρ00(ω, T ) = −2πχqωδ(ω)

ρii(ω, T ) = χqcBW
ωΓ

ω2 + (Γ/2)2
+

3

2π

�
1 +

αs

π

�
ω2 tanh(

ω

4T
)

3-4 parameters: (χq), cBW ,Γ,αs

9
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previous lattice results on electrical conductivity

10

Electrical conductivity:
σ

T
=

Cem

6
lim
ω→0

ρii(ω)

ωT

The emission rate of soft photons:

Lattice calculations with unrenormalized currents produced 
unrenormalized electrical conductivity:

G. Aarts et al., PRL 99(2007) 

σ/T � (0.4± 0.1)Cem

S. Gupta PLB 597(2004)

σ/T � 7Cem

staggered fermions used
 ρeven and ρodd need to be distinguished 

Nτ = 8− 14, Nσ ≤ 44 Nτ = 16, 24, Nσ = 64

lim
ω→0

ω
dRγ

d3p
= lim

ω→0
Cem

αem

4π2

ρT (ω = |�p|, T )
eω/T − 1

=
3

2π2
σ(T )Tαem
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Vector correlation functions on large & fine lattices at 1.45Tc

SU(3) gauge configurations at T/Tc≃1.45 
lattice size N3

σ ×Nτ with Nσ = 32-128 & Nτ=16,24,32,48

Non-perturbatively clover O(a) improved Wilson fermions
Quark masses close to chiral limit κ � κc

volume dependence

cut-off dep. 
& continuum 
extrapolation

close to continuum
11



/25

Volume & cut-off dep. of vector corr. function

small volume dependence

weak τT dep. near 1/2 

 1
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Volume & cut-off dep. of vector corr. function
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cut-off effects are more server
than finite volume effects

large Nτ needed to perform 
continuum extrapolation

GV(τT) is close to the free case at large τT 

incomplete cancelation between G00(τT) and 
BW-contribution to Gii(τT) ?
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Continuum extrapolation
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• Increase of GV (τT )/G
free
V (τT ) with τT is obvious

• The rise with τT indicates that vector spectral function in the  
  low frequency region is different from the free case 

• Motivation for the Breit-Wigner type ansatz fitting
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Breit-Wigner + continuum Ansatz

14

• vector correlation function is sensitive 
to the low energy, Breit-Wigner 
contribution only for distance τT ≳ 0.25
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k = 0.0465(30) , �Γ =2 .235(75) , 2cBW �χq/�Γ = 1.098(27)

�ρii(�ω) =
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�Γ
2�ω(�Γ/2)2
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+

3

2π
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)

vary width Γ with the other two parameters fixed
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Estimate of electrical conductivity
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k = 0.0465(30) , �Γ =2 .235(75) , 2cBW �χq/�Γ = 1.098(27)
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Breit-Wigner + truncated continuum Ansatz
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ρii(ω) = 2χqcBW
ωΓ/2

ω2 + (Γ/2)2
+

3

2π
(1 + k) ω2 tanh(

ω

4T
) Θ(ω0,∆ω)

 0

 1

 2

 3

 4

 5

 6

 0  2  4  6  8  10

ii( )/ T

/T

/T=0.5

0/T=0
0.5
1.0
1.5

1.75
cont

delay the onset (ω0) of the continuum partΘ(ω0,∆ω) =
�
1 + e(ω

2
0−ω2)/ω∆ω

�−1

 0

 1

 2

 3

 4

 5

 6

 0  2  4  6  8  10

ii( )/ T

/T

0/T=1.5

/T=0
0.1

0.25
0.5

cont

• Rise of BW peaks compensate for the cut from continuum parts  

• Fits become worse with increasing      and/or increasing ω0 ∆ω



/25

Electrical conductivity at 1.45 Tc
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electrical conductivity

HTL conductivity is divergent at w~0

Soft photon emission rate

lim
ω→0

ω
dRγ

d3p
= (0.0004 − 0.0013)T 2

c � (1− 3) · 10−5 GeV2 at T � 1.45 Tc

 T~1.45 Tc~

Hard thermal loop (HTL) :
Braaten &.Pisarski, NP B337 (1990) 569
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Thermal dilepton rates at 1.45 Tc
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Phys.Rev. D83 (2011) 034504 
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Hard thermal loop (HTL): Braaten &.Pisarski, NP B337 (1990) 569

• thermal dilepton rate approaches leading order Born rate at w/T > 4~

• enhancement at small w/T

 T~1.45 Tc~
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Vector correlation function at T=1.1Tc

19

SU(3) gauge configurations at T/Tc≃1.1 

Allows to study the T-dependence of thermal dilepton and 
electrical conductivity

Fixed aspect ratio Nσ/Nτ=3 allows the continuum extrapolation 
of the correlation function at finite momentum

15 values of p from 0 up to 3.5 GeV allow the extraction of the 
thermal photon rate

�p

T
= 2π

Nτ

Nσ
�n
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continuum extrapolation of vector corr. at 1.1Tc 
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• reliable continuum extrapolation from τT larger than 0.2

•  used to extract vector spectral function at 1.1 Tc
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vector spectral functions
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• spf at 1.1 Tc: use the same ansatz as at T=1.45Tc

• almost no change from 1.45Tc to 1.1Tc, e.g. similar σ/T

• uncertainties of spf at 1.1 Tc need to be checked

Prelim
inary
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thermal dilepton emission rate
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• uncertainties of spf at 1.1 Tc need to be checked
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Polarized vector correlation function at finite p
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J. Hong and D. Teaney, 
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Nontrivial structure seen in the low energy region of finite p spectral function
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Thermal photon rate
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Conclusions & Outlook

25

•  We calculated the vector correlation function at T≃1.45Tc and 1.1 Tc 
in quenched lattice QCD and performed a continuum extrapolation 

T≃1.45Tc

• Dilepton rate approaches leading order Born rate at ω/T ≳ 4

• Electrical conductivity 

T≃1.1Tc

• Similar thermal dilepton rate and electrical cond. as that at 1.45 Tc

• Uncertainties need to be checked

• Continuum extrapolated results for vector correlator at finite p

• Extraction of thermal photon rate is on the way...

1/3 � 1

Cem

σ

T
� 1
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comparison of corr. at 1.1 and 1.5 Tc
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