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OUTLINE

1. Time-dependence of magnetic field.

2. Synchrotron radiation.

3. Energy loss and polarization in magnetic field. 
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Fig. A.2. Magnetic field at the center of a gold-gold collision, for different impact
parameters. Here the center of mass energy is 200 GeV per nucleon pair (Y0 = 5.4).

we will consider the spectators, then we will discuss an approximation for the
participants. We will perform both approximations at the origin (x⊥ = 0
and η = 0). In that case the magnetic field is pointing in the y-direction,
eB = eBey. Especially for large impact parameters the magnetic field at
the origin will be a good estimate for the magnetic field at the surface of the
interacting region, since the magnetic field in the overlap region is to a good
degree homogeneous in the transverse plane.

A.1 Spectator Contribution for τ ! R/ sinh(Y0)

For τ ! R sinh(Y0) the denominator of the integrand of the spectator contri-
bution Eq. (A.6) can be approximated by τ 3 sinh(Y0)3. Hence we find

eBs ≈ ZαEM exp(−2Y0)
4R

τ 3
g(b/R), (A.9)

where
g(b/R) =

∑

±

g±(b/R), (A.10)

with

g±(b/R) = ∓
1

R

∫

d2x′
⊥ρ±(x′

⊥)(1 − θ∓(x′
⊥))x′. (A.11)

We find that to very good approximation g±(b/R) = b/R. As a result

eBs ≈ ZαEM exp(−2Y0)
4b

τ 3
. (A.12)
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Kharzeev, 
McLerran, 
Warringa 

(2007)
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Hadron String Dynamic transport code: Voronyuk, Toneev, Cassing, Bratkovskaya, Konchakovski, Voloshin  (2011)

UrQMD based calculation: Skokov, Illarionov, Toneev (2009)

Similar results:

MAGNETIC FIELD IN VACUUM
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For Z=79, b=7 fm, γ=100 we 
get eB = (200 MeV)2 ≈ mπ2
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Wiechert 
fields

x

z



4

LEINARD-WIECHERT FILED IN DISPERSIVE MEDIUM
Medium is formed at a very early stage after a Heavy Ion Collision: Glasma (t~0.2 fm) gives 
way to Quark Gluon Plasma (t~0.5-2 fm). According to the state-of-the-art phenomenology 
it can be characterized by transport coefficients.   

eB =
↵

⇡
ŷ

Z 1

�1
s(!)K1(s(!)b) ei!(z/v�t) d!

Magnetic field created by a single point charge in medium: 

s(!) = !

r
1
v2
� ✏(!)

At low frequencies dielectric constant has 
a pole due to a finite electric conductivity: ✏(!) = 1 +

i�

!

eB = ŷ
↵emb �

2(t� z)2
e�

b2�
4(t�z)

Compared with the magnetic field in vacuum: eB = ŷ ↵em
b�

(b2 + �2(t� z)2)3/2

The corresponding magnetic field in medium:
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MAGNETIC FIELD IN CONDUCTING PLASMA

• This is magnetic field due to outgoing valence charges in infinite medium.

conductivity of QGP on the lattice: 
Aarts at al (2007), Ding at al (2010): 

only gluon contribution!

t, fm

B



r⇥E = �Ḃ
r⇥B = j = �E

Lenz’s law: induced B is parallel to the original B. 

r2B = �Ḃ

At η≪1
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MAGNETIC FIELD IN AN EXPANDING MEDIUM 

Problem: the boundary is time-dependent. It moves along z=±a(t)

Introduce rapidity ⌘ =
1
2

ln
a(t) + z

a(t)� z

Now the boundary is time-independent: η=±∞

r2
?B +

1
a2(t)

@2B

@⌘2
= �

@B

@t

At early times a(t)≪RA, the transverse derivatives can be dropped, 
while at later times we can neglect the longitudinal derivatives.  

K.T. 2010

j: Foucault currents
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INDUCED MAGNETIC FIELD
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The result of matching of the two solutions

Longitudinal 
expansion till 
~ 5fm

Transverse expansion. 
Magnetic field decay 
time ~ RA2σ

t, fm

B

Not taken into account: dependence of conductivity on B.
see e.g. K.T. “On viscous flow and azimuthal anisotropy of quark-gluon plasma in strong magnetic field”,
arXiv:1108.4394
 

http://arxiv.org/abs/1108.4394
http://arxiv.org/abs/1108.4394
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OUTLINE

1. Time-dependence of magnetic field.

2. Synchrotron radiation.

3. Energy loss and polarization in magnetic 
field. 
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f(ef , j, p)! f(ef , k, q) + �(k)

γ

f

Fermion spectrum quantization is important not only for hard and 
electromagnetic probes but also for the bulk properties of QGP.

QGP is transparent to the emitted electromagnetic radiation because its 
absorption coefficient  is suppressed by α2 (I’ll show the precise calculation later). 

Spacing between the Landau levels ~ eB/ε, while their thermal width ~ T. 
When eB/ε≳T it is essential to account for quantization of fermion spectra. 

SYNCHROTRON RADIATION

Synchrotron radiation:

KT (2010,2012)
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"j =
q

m2 + p2 + 2jefB , "k =
q

m2 + q2 + 2kefB

"j = ! + "k , p = q + ! cos ✓

dIj

d!d⌦
=
X

f

z2
f↵

⇡
!2

jX

k=0

�jk

�
|M?|2 + |Mk|2

 
�(! � "j + "k)

j (k) is the quantum number of Landau orbit of initial (final) charged fermion.

p (q) is the projection of initial (final) fermion momentum on the direction of B

Magnetic field doesn’t do work → energy is conserved. Magnetic Lorentz force 
has no component along the B-direction → momentum along B is conserved

Angular distribution of the power spectrum:

B θ

KINEMATICS
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4"j"k|M?|2 =("j"k � pq �m2
)[I2

j,k�1 + I2
j�1,k] + 2

p
2jefB

p
2kefB[Ij,k�1Ij�1,k] .

4"j"k|Mk|2 = cos

2 ✓
�
("j"k � pq �m2

)[I2
j,k�1 + I2

j�1,k]� 2

p
2jefB

p
2kefB[Ij,k�1Ij�1,k]

 

� 2 cos ✓ sin ✓
�
p
p

2kefB[Ij�1,kIj�1,k�1 + Ij,k�1Ij,k]

+ q
p

2jefB[Ij,kIj�1,k + Ij�1,k�1Ij,k�1]
 

+ sin

2 ✓
�
("j"k + pq �m2

)[I2
j�1,k�1 + I2

j,k] + 2

p
2jefB

p
2kefB(Ij�1,k�1Ij,k)

 

Ij,k ⌘ Ij,k(x) = (�1)j�k

s
k!
j!

e

�x

2
x

j�k

2
L

j�k
k (x).

x =
!

2

2efB

sin2
✓

Matrix elements for synchrotron transitions corresponding to photon polarization 
perpendicular and parallel to B Sokolov, Ternov (1968) and others

Laguerre polynomials (recall 
Schrödinger equation for hydrogen)
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PHOTON NUMBER SPECTRUM

dN synch

dtd⌦d!
=

X

f

Z 1

�1
dp

efB(2Nc)V
2⇡2

1X

j=0

jX

k=0

dIj

!d!d⌦
(2� �j,0)f("j)[1� f("k)]

f(") =
1

e"/T + 1

We are interested in the photon number spectrum radiated from QGP

�(! � "j + "k) =
X

±

�(p� p⇤±)�� p
"j
� q

"k

��

To take integral over p write

p⇤± =

⇢
cos ✓(m2

j �m2
k + !2

sin

2 ✓)

±
q

[(mj + mk)
2 � !2

sin

2 ✓][(mj �mk)
2 � !2

sin

2 ✓]

�
/(2! sin

2 ✓)

m2
j = m2 + 2jefB , m2

k = m2 + 2kefB
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(i) mj �mk � ! sin ✓ , or (ii) mj + mk  ! sin ✓

dN synch

V dtd⌦d!
=
X

f

2Ncz2
f↵

⇡3
efB

1X

j=0

jX

k=0

!(1 + �k0) #(!s,ij � !)
Z

dp
X

±

�(p� p⇤±)�� p
"j
� q

"k

��

⇥
�
|M?|2 + |Mk|2

 
f("j)[1� f("k)] ,

p± is real in two cases:

synchrotron radiation one-photon pair 
annihilation

In case (i) the j → k transition must satisfy

!  !s,jk ⌘
mj �mk

sin ✓
=

p
m2 + 2jefB �

p
m2 + 2kefB

sin ✓

in particular j=k transition is forbidden.

Spectral distribution of the synchrotron radiation rate per unit volume:
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B θ

A A

Transve
rse plane

x

z

x

y

kkT

ϕ π-α

k = !(sin↵ cos �ˆ

x + sin↵ sin �ˆ

y + cos ↵ˆ

z)

HIGH-ENERGY REFERENCE FRAME

ˆk · ˆy = cos ✓

cos ✓ = sin↵ sin �

⇒

Thus, azimuthal dependence (ϕ) of 
the spectrum is an artifact of the 

frame choice! 
k? =

q
k2

x

+ k2
y

=

! cos ✓

sin �
, y = � ln tan

↵

2

dN synch

dV dt d2k?dy
= !

dN synch

dV dt d3k
=

dN synch

dV dt !d!d⌦
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The natural variables to study the synchrotron radiation are the photon energy ! and its emis-

sion angle ✓ with respect to the magnetic field. However, in high energy physics particle spectra are

traditionally presented in terms of rapidity y (which for photons is equivalent to pseudo-rapidity)

and transverse momentum k?. k? is a projection of three-momentum k onto the transverse plane.

These variables are not convenient to study electromagnetic processes in external magnetic field.

In particular, they conceal the azimuthal symmetry with respect to the magnetic field direction.

To change variables, let z be the collision axis and ŷ be the direction of the magnetic field. In

spherical coordinates photon momentum is given by k = !(sin↵ cos �x̂ + sin↵ sin �ŷ + cos ↵ẑ),

where ↵ and � are the polar and azimuthal angles with respect to z-axis. The plane xz is the

reaction plane. By definition, k̂ · ŷ = cos ✓ implying that cos ✓ = sin↵ sin �. Thus,

k? =
q

k

2

x

+ k

2

y

=
! cos ✓

sin �

, y = � ln tan
↵

2
. (19)

The second of these equations is the definition of (pseudo)-rapidity. Inverting (19) yields

! = k? cosh y , cos ✓ =
sin �

cosh y

. (20)

Because dy = dk

z

/! the photon multiplicity in a unit volume per unit time reads

dN

synch

dV dt d

2

k?dy

= !

dN

synch

dV dt d

3

k

=
dN

synch

dV dt !d!d⌦
(21)
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(a) (b)

FIG. 1: Spectrum of synchrotron radiation by u quarks at eB = m

2

⇡, y = 0, � = ⇡/3: (a) contribution of

10 lowest Landau levels j  10; several cuto↵ frequencies are indicated; (b) summed over all Landau levels.

mu = 3 MeV, T = 200 MeV.

Fig. 1 displays the spectrum of synchrotron radiation by u quarks as a function of k? at fixed

�. At midrapidity y = 0 (20) implies that k? = !. Contribution of d and s quarks is qualitatively

similar. At eB � m

2, quark masses do not a↵ect the spectrum much. The main di↵erence

SYNCHROTRON SPECTRUM
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ANGULAR DISTRIBUTION OF SR

7

stems from the di↵erence in electric charge. In panel (a) only the contributions of the first ten

Landau levels are displayed. The cuto↵ frequencies !

s,jk

can be clearly seen and some of them are

indicated on the plot for convenience. The azimuthal distribution is shown in Fig. 2. Note, that at

midrapidity � = ⇡/2 � ✓. Therefore, the figure indicates that photon production in the direction

of magnetic field (at � = ⇡/2) is suppressed. More photons are produced in the direction of the

reaction plane � = 0. This results in the ellipticity of the photon spectrum that translates into the

positive “elliptic flow” coe�cient v

2

. It should be noted, that the classical synchrotron radiation

has a similar angular distribution.
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FIG. 2: Azimuthal distribution of synchrotron radiation by u-quarks at k? = 0.2 GeV, eB = m

2

⇡, y = 0.

mu = 3 MeV.

In order to compare the photon spectrum produced by synchrotron radiation to the photon

spectrum measured in heavy-ion collisions, the u, d and s quarks contributions were summed up.

Furthermore, the experimental data from [39] was divided by V t, where t is the magnetic field

relaxation time. The volume of the plasma can be estimated as V = ⇡R

2

t with R ⇡ 5 fm being

the nuclear radius. Therefore,

dN

�

exp

dV dt d

2

k?dy

=
dN

�

exp

d

2

k?dy

1
⇡R

2

t

2

=
dN

�

exp

d

2

k?dy

✓

GeV
14.9

◆

4

✓

1 fm
t

◆

2

. (22)

The results are plotted in Fig. 3. In panel (a) it is seen that synchrotron radiation gives a significant

contribution to the photon production in heavy-ion collisions at RHIC energy. This contribution is

larger at small transverse momenta. This may explain enhancement of photon production observed

in [39]. Panel (b) indicates the increase of the photon spectrum produced by the synchrotron

radiation mechanism at the LHC energy. This increase is due to enhancement of the magnetic field

strength, but mostly because of increase of plasma temperature. This qualitative features can be

better understood by considering the limiting cases of low and high photon energies.

This distribution implies that v2>0 (to be calculated)

||B⊥B

Reaction plane

Since ϕ appears only in cos2ϕ term, there is clear symmetry ϕ→π-ϕ ⇒ only even 
harmonics survive. Odd harmonic arise from B fluctuations. 
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SYNCHROTRON SPECTRUM
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T=200 MeV

T=250 MeV RHIC LHC,
T=400MeV

RHIC, 
T=200MeV

• Vt=25π fm4 
★ Vt=9×25π fm4

Photon spectrum is very sensitive to the QGP temperature.
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f u u u u u u s u u s

eB/m

2

⇡ 1 1 1 1 1 1 1 15 15 15

T , GeV 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.4 0.4 0.4

�

⇡
3

⇡
3

⇡
3

⇡
3

⇡
6

⇡
12

⇡
3

⇡
3

⇡
3

⇡
3

k?, GeV 0.1 1 2 3 1 1 1 1 2 1

x 0.096 9.6 38 86 29 35 19 0.64 2.6 1.3

j

max

30 40 90 150 120 200 90 8 12 16

TABLE I: The upper summation limit in (18) that yields the 5% accuracy. j

max

is the highest Landau level

of the initial quark that is taken into account at this accuracy. Throughout the table y = 0.

provided that ! � m

p

mT/e

f

B sin ✓. Here n

f

is number density of flavor f , which is independent

of B:

n

f

=
2 · 2N

c

e

f

B

4⇡

2

1
X

j=0

Z 1

�1
dp e

�"

j

/T ⇡ 4N

c

⇡

2

T

3

. (33)

Here summation over j was replaced by integration. It follows that this part of the spectrum

increases with magnetic field strength as
p

B and and with temperature as
p

Te

�!/T . Therefore,

variation of the spectrum with T is much stronger than with B. The T dependence is shown in

Fig. 4.
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FIG. 4: Variation of the synchrotron spectrum with plasma temperature. Lower line: T = 200 MeV, upper

line: T = 250 MeV. Other parameters are the same as in Fig. 3(a).

III. PAIR ANNIHILATION

The theory of one-photon pair annihilation was developed in [46, 47]. It was shown in [48] that

in the super-critical regime eB � m

2 one-photon annihilations is much larger than the two-photon
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Here summation over j was replaced by integration. It follows that this part of the spectrum

increases with magnetic field strength as
p

B and and with temperature as
p

Te

�!/T . Therefore,

variation of the spectrum with T is much stronger than with B. The T dependence is shown in

Fig. 4.
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FIG. 4: Variation of the synchrotron spectrum with plasma temperature. Lower line: T = 200 MeV, upper

line: T = 250 MeV. Other parameters are the same as in Fig. 3(a).

III. PAIR ANNIHILATION

The theory of one-photon pair annihilation was developed in [46, 47]. It was shown in [48] that

in the super-critical regime eB � m

2 one-photon annihilations is much larger than the two-photon

dN synch

dtd⌦d!
=

X

f

Z 1

�1
dp

efB(2Nc)V
2⇡2

j
maxX

j=0

jX

k=0

dIj

!d!d⌦
(2� �j,0)f("j)[1� f("k)]

HOW MANY LANDAU LEVELS CONTRIBUTE?

Large j,k correspond to quasi-classical limit.
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PAIR ANNIHILATION

γ
f

anti-f

One and two-photon annihilation: At eB≫m2 one-photon annihilation dominates.

One-photon annihilation is a cross-channel of synchrotron radiation. The 
corresponding matrix elements are straightforward to calculate.

dNannih

V dtd!d⌦

=

X

f

↵z2
f!Nc

4⇡efB

1X

j=0

1X

k=0

Z
dp

2efB

2⇡2
f("j)

Z
dq

2efB

2⇡2
f("k)

⇥�(p + q � ! cos ✓)�("j + "k � !){|T?|2 + |Tk|2}
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PAIR ANNIHILATION SPECTRUM
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Pair annihilation is numerically much smaller than synchrotron radiation.  
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(a) (b)

FIG. 5: Photon spectrum in one-photon annihilation of u and ū quarks. eB = m

2

⇡, y = 0. (a) k?-spectrum

at � = ⇡/3, (b) azimuthal angule distribution at k? = 1 GeV.

IV. CONCLUSIONS

Results of the calculations performed in this article indicate that photon production by QGP due

to its interaction with external magnetic field give a considerable contribution to the total photon

multiplicity in heavy-ion collisions. This is seen in Fig. 3 were the model calculation is compared

with the experimental data [39]. The two processes were considered: synchrotron radiation and pair

annihilation. In the kinematic region relevant for the current high energy heavy-ion experiments,

contribution of the synchrotron radiation is about two orders of magnitude larger than that of pair

annihilation. The largest contribution to the photon multiplicity arises from photon momenta of

the order of
p

eB. This may provide an explanation of the photon excess observed by the PHENIX

experiment [39]. Similar mechanism is also responsible for enhancement of low mass di-lepton

production that proceeds via emission of virtual photon which subsequently decays into di-lepton

pair.

One possible way to ascertain the contribution of electromagnetic radiation in external magnetic

field is to isolate the azimuthally symmetric component with respect to the direction of the magnetic

field. It seems that synchrotron radiation dominates the photon spectrum at low k?. Thus,

azimuthal symmetry can be easily checked by simply plotting the multiplicity vs !, ✓ and ', where

! is photon energy, ✓ is emission angle with respect to the magnetic field and ' is azimuthal angle

around the magnetic field direction (which is perpendicular both to the collision axis and to the

impact parameter). In Fig. 1(a) it is also seen that in these variables it may be possible to discern

the cuto↵ frequencies !

s,jk

that appear as resonances (in Fig. 1 y = 0 so k? = !). Note that

averaging over the azimuthal angle ↵ around the collision axis direction distroys these features, see
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CONCLUSIONS I

• Photon production by QGP due to its interaction with external 
magnetic field gives a considerable contribution to the total photon 
multiplicity in heavy-ion collisions. 

• In the kinematic region relevant for the current high energy heavy-
ion experiments, contribution of the synchrotron radiation is about 
two orders of magnitude larger than that of pair annihilation.

• One possible way to ascertain the contribution of electromagnetic 
radiation in external magnetic field is to isolate the azimuthally 
symmetric component with respect to the direction of the magnetic 
field by rotating the reference frame, so that z-axis coincides with B-
direction.



DILEPTON PRODUCTION VIA REAL PHOTON DECAY

Photon decay is another cross-channel of the synchrotron radiation

w = �
X

a

↵em z

3
a eB

ma{a

Z 1

(4/{a)2/3

2(x3/2 + 1/{a) Ai0(x)
x

11/4(x3/2 � 4/{a)3/2

Rate in the quasi-classical ultra-relativistic approximation (discussed later): 

{2
a = �↵emz2

a~3

m6
a

(Fµ⌫k
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↵emz2
a~3

m6
a

(k ⇥B)2
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KT (2010)



PHOTON DECAY RATE
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Survival probability: P=1-wΔt, where Δt ≈ 5fm ⇒ P(RHIC)=98.5%, P(LHC)=90%
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AZIMUTHAL ASYMMETRY DUE TO PHOTON DECAY
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Azimuthal asymmetry of the survival probability P:

P =

¯P

 
1 +

1X

k=1

v2k cos(2'k)

!
, v2k = �1� ¯P

¯P

2 w2k

w0

P̄ = h1 � w�ti' = 1 � w0�twhere azimuthal average is ≈1
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v2 = �t
2 62/3�

�
2
3

�

7⇡

X

a

↵em(eB)2/3z8/3
a

(kT )1/3

For kT=1GeV and Δt ≈ 5fm ⇒ v2(RHIC)=1%, v2(LHC)=7%

Work in progress: q ! q + � ! q + `+ + `�



 SYNCHROTRON RADIATION OF GLUON BY FAST QUARKS
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• General formulas for synchrotron radiation simplify if quark is ultra-relativistic ε≫m before 
and after gluon radiation.

This is always true in week fields eB≪m2

In strong fields eB≫m2 this approximation breaks down at the threshold ω~ε, i.e. gluon 
carries away almost all quark energy ⇒ energy loss in this approximation must satisfy 
Δε≪ε

• Synchrotron radiation is quasi-classical if

2. Recoil due to gluon emission is small: ω≪ε (i.e. far from the threshold)

1.Spacing between Landau levels eB/ε is much smaller than ε =>ε2≫eB

g
f
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OUTLINE

1. Time-dependence of magnetic field.

2. Synchrotron radiation.

3. Energy loss and polarization in magnetic 
field. 
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In the quasi-classical approximation j≫1, k≫1. Taking also the UR limit Laugerre 
polynomials reduce to Airy functions:
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POLARIZATION OF LEPTONS AND LIGHT QUARKS

w =
5
p

3↵sCF
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sign (eq) (⇣ · b)

!

Spin-flip probability per unit time

Sokolov, Ternov (1964)

H = �µ · B = �
✓

geZq~
2m

◆
s · BNR case:
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g
f (-)

B
A =

n" � n#
n" + n#

Spin-asymmetry: n(↑)/n(↓) be the number of fermions with given momentum and 
spin direction parallel /anti-parallel to the field in a given event. 

A =
8

5
p

3
= 92% A very strong polarization of quarks and leptons!



BEYOND THE QUASI-CLASSICAL APPROXIMATION 

Quark looses almost all its energy due to synchrotron radiation and falls on one of the lowest 
Landau levels.

• Transition to the ground state occurs with probability

wn0 =
↵s

2
m2

"

B

Bc
e�Bc/B Sokolov, Borisov, Zhukovskii 

(1975)

• In heavy-ion collisions B is stronger than Bc, so such transitions must be taken into account.
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• In strong fields B≫e/m2 near the threshold ω=ε:

This brakes both the quasi-classical and ultra-relativistic approximation. 

where Bc=e/m2

☞ Future project.
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CONCLUSIONS II

• Synchrotron radiation of gluons contributes to the quark 
energy loss and is azimuthally asymmetric. 

• Polarization of leptons escaping the QGP is a sensitive 
probe of magnetic field. 



• Magnetic field in relativistic heavy-ion collisions is 
super-critical and slowly varying in time.  

• Synchrotron photons maybe a significant part of the 
total photon spectrum at low pT.

• Fast quarks and leptons loose a lot of energy and get 
polarized in magnetic field. Can the polarization 
be measured?
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SUMMARY


