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In this process I take a point in space (vertex) and two skew lines (u and v strips) 
and find the unique line that intersects all three.  I do this by first establishing a 
plane by using 3 points (the vertex, the beginning of the u strip, and the end of the 
u strip).  I form a vector that points from the vertex to the beginning of the u strip 
and a vector that points from the vertex to the end of the u strip.  These two lines 
establish a unique plane.  I cross these two vectors, giving me the vector normal to 
the plane.  Using this normal vector and any point in the plane, I used the vertex, I 
can establish the equation of the plane in space.  Next, v strip must intersect the 
plane at some point.  I establish an equation that describes the v strip as a vector 
starting at a point (the beginning of the v strip).  I then find the point along the v 
strip that satisfies the plane equation.  This point is the end point of the track of the 
particle in question. 
 

 
 
 



I am given vectors 
o
u
v and fu

v , which point from the origin to the beginning and end of  a given 
strip, respectively, as shown.  The vector E

v
 points from the origin to the vertex.   

 
 
These vectors are three dimensional position vectors with components: 
 

kujuiuu ozoyoxo
ˆˆˆ ++=

v  
kujuiuu fzfyfxf
ˆˆˆ ++=

v  
kEjEiEE zyx
ˆˆˆ ++=

v
 

 
I now need vectors from the vertex to the beginning of the u strip and to the end of the u strip. 

 
I can calculate a vector 

o
u
v
!  by subtracting the vector from the origin to the vertex from the vector 

from the origin to the beginning of the u strip 
 

Euu
oo

vvv
!="  



 
This math can be done by components in each dimension 
 

kEujEuiEuu zozyoyxoxo
ˆ)(ˆ)(ˆ)( !+!+!="

v  
 

This now establishes a new vector 
o
u
v
!  

 
kujuiuu ozoyoxo
ˆˆˆ !+!+!=!

v  
 

Where 
 

xoxox
Euu !="  
yoyoy Euu !="  
zozoz
Euu !="  

The same process can be done to find a vector fu
v
!  

 
Euu ff

vvv
!="  

kEujEuiEuu zfzyfyxfxf
ˆ)(ˆ)(ˆ)( !+!+!="

v  
kujuiuu fzfyfxf
ˆˆˆ !+!+!=!

v  
 

Where 
 

xfxfx Euu !="  
yfyfy Euu !="  
zfzfz Euu !="  

 
I now establish the normal vector N

v
from the cross product of 

o
u
v
!  and fu

v
! . 

 
fo uuN !"!=

vvv
 

kuuuujuuuuiuuuu

uuu

uuu

kji

N fxoyfyoxfzoxfxozfyozfzoy

fzfyfx

ozoyox
ˆ)(ˆ)(ˆ)(

ˆˆˆ

!"!#!"!+!"!#!"!+!"!#!"!=

!!!

!!!=
v

 

 
Which establishes N

v
 

 
kNjNiNN zyx ++= ˆˆ

v
 

 
 



Where 
 

fyozfzoyx uuuuN !"!#!"!=  
fzoxfxozy uuuuN !"!#!"!=  

fxoyfyoxz uuuuN !"!#!"!=  
 
The general equation for a plane is 
 
(1)     ( ) ( ) ( ) 0=!+!+! ooo zzCyyBxxA  
 
Where A , B , and C  are coefficients and 

o
x ,

o
y , and

o
z  are the components of a 

point in space.   
 
The coefficients of N

v
 become A , B , and C . 

 
x

NA =  
yNB =  
z
NC =  

 
The point in space I used was the vertex, described by E

v
 

 
xo
Ex =  
yo Ey =  
zo
Ez =  

 
Substitute the coefficients of N

v
 and the vertex point into eq. 1 

 
( ) ( ) ( ) 0=!+!+! zzyyxx EzNEyNExN  

0=!"!+!"!+!"! zzzyyyxxx ENzNENyNENxN  
zzyyxxzyx ENENENzNyNxN !+!+!=!+!+!  

 
The right hand side of this equation is a constant, which I now call D  

 
zzyyxx ENENEND !+!+!=  

 
Which simplifies the plane equation to 
 

DzNyNxN zyx =!+!+!  
 



From now on I will refer to 
x
N , yN , and 

z
N  as A , B , and C  respectively, resulting 

in a plane equation of 
 

(2)   DCzByAx =++  
 

Now I turn my attention to the V strip 
 

 
The vectors 

o
v  and fv point from the origin to the beginning and from the origin to 

the end of the v strip.  In component form these vectors are 
 

kvjvivv ozoyoxo
ˆˆˆ ++=

v  
kvjvivv fzfyfxf
ˆˆˆ ++=

v  
 

For this process it is helpful to think of the V strip not as a vector but as a line 
between two points, 

o
P
v

 and fP
v

. 
 

kPjPiPP ozoyoxo
ˆˆˆ ++=

v
 
kPjPiPP fzfyfxf
ˆˆˆ ++=

v
 

 
These two points correspond directly to 

o
v  and fv . 

 
oo
vP
vv

=   
ff vP

vv
=  



Where 
 

oxox
vP =  
oyoy vP =  
ozoz
vP =  

 

fxfx vP =  
fyfy vP =  
fzfz vP =  

  
Now the v strip is a line from 

o
P
v

 to fP
v

, which can be described by 
 

(3)  ( )ofo PPsPP
vvvv

!+=  
 

Where P
v

 is any point along the line and s  is a scaling constant that determines 
how far between 

o
P
v

 and fP
v

 that point is.  This equation can be broken down into 
components along the x, y, and z directions 

 
( )oxfxoxx PPsPP

vvvv
!+=  

( )oyfyoyy PPsPP
vvvv

!+=  
( )ozfzozz PPsPP

vvvv
!+=  

 
I’m looking for some point along the v strip that satisfies our plane equation 
(equation 2).  I know that equation 3 describes all points along the v strip, and one 
must intersect the plane.  I then substitute the components of equation 3 into 
equation 2 to find that point. 

 
xP

x
=  
yPy =  
zP

z
=  

 
Making the proper substitutions I found 

 
( )( ) ( )( ) ( )( ) DPPsPCPPsPBPPsPA ozfzozoyfyoyoxfxox =!++!++!+  

 
Distribute A , B , and C  

 
( ) ( ) ( ) DPPsCPCPPsBPBPPsAPA ozfzozoyfyoyoxfxox =!"+"+!"+"+!"+"  

 



Move all s terms to the right hand side of the equation 
 

( ) ( ) ( )( )fzozfyoyfxoxozoyox PPCPPBPPAsDPCPBPA !+!+!=!"+"+"  
 

Solve for s  
 

(4)   
( ) ( ) ( )fzozfyoyfxox

ozoyox

PPCPPBPPA

DPCPBPA
s

!+!+!

!"+"+"
=  

 
Equation 4 is in terms of things we know (after calculating A , B , and C  from the 
earlier calculation).  I now establish s for the point in question, and substitute that 
back into equation 3.  With all this in place I can determine the unique point in 
space along the v strip that intersects the plane, all from given information.  I 
return a three dimensional vector in space that represents the absolute position the 
particle in question had along the v strip.  To find this point on the u strip, I can 
easily reverse the process and form the plane with the v strip and the intersection 
with the u strip.  


