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Fluctuations on Binned Spaces TP
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Pearson’s Correlation Coefficient

Karl Pearson, 1857-1936 | g e

o o; -0’
:b = =———>€[-11] covariance relative to marginal variances
o.0, Ost0,

[ =

geometric mean of marginal variances

correlated uncorrelated anticorrel ated
b NA >
r=1 @ >0 0 <0 -1
 Normalized fluctuation  Redatesfluctuationsin two
measure — the most basic bins — are they correlated or
correlation measure not?
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ODbject and Reference Distributions
object distribution: sibling pairs
reference distribution: mixed pairs
fluctuations correlations
variances, covariance pair densities
o;=(n-n): o5=M-n),(n-1N), Poy (X, X5) P (%1 X%5)

referenceis bin mean values

correlated pairs
variance differences AP = Lo (X1, %) = Pres (%1, %)
AcZ =(n-N)2—(n-n); correlated pairs per pair

two bins, two scales, AP Pt = Py (X X) 1 P (X, %) =1

two distribution - '
O distributions correlated pairs per particle

Do [P ={ Py (%0 %) = res (%0 X)}H Bt
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Autocorrelations

the autocorrelation is a projection by averaging of a
two-point distribution onto difference variable(s) x,

(¢11¢2) - ¢A E¢1_¢2 ¢z E¢1+¢2
(’71”72) - IS =17, s =011,

for space-invariant (on xs) correlationsthisis alossless projection

P(X; X;)

%2 |\ Xp / Xs autocorrel ation:
projection onto
difference variable
space / /
Invariance? autocorrelations can be in the form
, t\/ 74 of densities p (x,)
OIETILe project or histograms A (&) D &2p(2ke. )
— ke Xy
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Autocorrelation Density Ratio

AN of _ (n-nm)(n-m), _ (n-n)(n-n),
Jolo! \/(n_ﬁ)g(n_ﬁ)ﬁ Poissonvalues

AA(N) _J(n=N).(N-M). | average over a
VA (M) JLA _on ki diagonal

density ratio — what we use
AA(n)  _ Ap(nike, )
— ark X £\ A (N) P (ikKe, )

autocorrelation density ratio is diagonal
average of modified Pearson'’s coefficients
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What About p,?

Gjb ~ (n_ﬁ)a(n_ﬁ)b . (pt_n ﬁt)a(pt_n ﬁt)b

= 7
Jolo? NN, Poisson Poi sson

relative number covariance relative p, covariance

(pt_pt)E(pt_nﬁt)-l_ ﬁt(n_ﬁ)

we omit the g2 factor in the
Implies denominator to facilitate

compare (p, — np,) with p, (n— ) n-p, comparisons

Ao?, (8X) = (n (0x) - (Jx) )2 [ (dx)-1 depsgﬁldeem

Aa? (6x)=(p, (6x)-n(dx)p,) /7 (0%) - o

number and p, relative covariances have the same structure: Pearson
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Autocorrelations from Pair Ratios

calculate autocorrelations directly as pair ratios

AA; (N, p) average over a,b
\/Ad,ref (n,p,)  onk, |t diagonals

200 GeV p-p Py

_ (n _ ﬁ)ab (n _ ﬁ) a+k b+l N0 v o 002
= < . | ® §30g , : T Q0018 ST
= = Q Q04 A W - @ 0.016 ', W NS .
\/ Mo M b — Z g O o014 - )
L J ab %-o.oé : 2 0012

= = ) ' y : , 20- 0.01 ] f

— (pt_npt)ab(pt_npt)a+k,b+l [ 9 ‘ {\/v’ 51 " ! “ v
\/nabna+k,b+l ) 35 \| Sq, k Sn STAR preliminary
‘direct’ look at autocorrelation, joint (n,®) autocorrelations
computationally expensive: O(n?) equivalent ratios for n and p;

autocorrel ations can also be obtained by inverting
corresponding fluctuation scale dependence -
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Fluctuations and Correlations

Wi single point
';;; _____________ 2D scale
S DN AN e A .
§1°7 data 7 " " o Integral ~
i .::::::
(37,00) = (A, 00) \y— O
0 STAR acceptance 3 L £o. ) : ;
- satistical 05 — 0 ;
! reference 0- 7
/WH STAR preliminarygq) 4 N & SE—
0
(p,) fluctuation excess scale dependence | inversion autocorretation

A kernel K., /

Aaf,t:n(mgn,ngqa):4zmlzn: - Kko12yf, 1=172) AA (kgn,lg)

k=1 I=1 m n  Aet 4

on

o
AG? (01,09) =4[ dn, [ d,K (07,5915 8s)—=L=(1,.0,)

ref

fluctuations < Integral equation < correlations
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Derivation — Part |

To perform the numerical integration the

acceptance is divided into microbins of fixed size &

The average over macrobins is rearranged
to an average over microbins

average over all

what we measure macrobinsin all events

A0, (0%) =

{p(3%) ~n(@X) B} /M(3%) - D (p - P)?

=>

{ pt(g ) n(g ) pt} { pt(gx) - n(gx) ﬁt}b

macrobin average
X2 A

AX

—_
X 0 X1
M = number of macro-

bins in acceptance

microbin average

= mn(s,) X20 e
_ f K kﬁk 1 afk In.A, d}a{}b M K FkF
m; — —
k=1-m n|m- | K |]_a bsm I n,n, FE AX
o AA(pIME . 47 Ne
= 2 K p N5 what we infer R e
OX 1
k=1-m \/Akref (n & )
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what we measure

2 _ @ A AA(PNE)
A (0X) = k;me;k - \/A<,ref (n;e,)

Derivation —

note factor 2 — ZZKmkﬁ_ « DA(P N E)
\/A<ref (n 5)
_o% N Ap(p, :nike,)
1D =2>» K, — t X
kZ:]; K N \/pref (n,ké‘x)
2D X~ (1.9

ZZ

k=1 =1

2
Aapt:n (m£,7, nsq,)

computationally cheap: O(n)
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Part 11

dlightly modified binning

k=1 2  rectangular bin index m

>
k=0 1 2 m-10X X,

Invoke autocorrelation symmetry on X,
and use rectangular bin index [1,m]

triangular bin index

STAR preliminary

A,O(ptin)(kg’w)

\/pref (n)
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Inversion and Regularization

Fredholm integral equation: K

mn kKl

83 (meyine) =43¢, ¢ ( 2| 11502 SRR e 1)
D k=l =1 - N/ P (n)
I
or D=TI+N matrix equation
Weknow T - given D we solvefor |: it
—T-1 _ T 'isadifferentiation,
=T, (D, —N,) acts as a high-pass filter

|, iSstreated as a matrix of free values

, _ ) the TN noise term must
In ax? fit subject to:

be reduced by smoothing

: N L or ‘regularization’
Tikhonov regularization - minimize: =

Xczr = "D _T|a ”2 + 0’||L|a ||2 e.g., local gradient

\ \
data-image mismatch small-A noise on image
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Choosing a

Fourier spectrum

Signa low-pass

T ‘iseffectively a‘high-pass filter:
small-wavelength noise is increased «—la hoise

@ controls a compensating low-pass filter: small
values retain all data information, but also all noise
larger values reduce noise, and finally signal

«— smoother  1/A

C\I= lO 3 Em I \HHH‘ I \HHH‘ I HHm‘ I \HHH‘ I HHW
. _ZJ % o ”D - TIO(”2 _

10 ﬁ \\HHH‘ HHHH‘ \HHM HM_AMLMLUE
107104011 10 10%10%10*
optimum a
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Error Estimation

1. Invert datato get smoothed autocorrelation
2.  Integrate forward to get smoothed ‘ data’
3. invert smoothed ‘data’ a second time
4. differencesin either case estimate combination
of residual statistical error and smoothing distortion
Hijing
guench-off
1
D =1~ Ia i
S 014 .
5 S % inverted
© 0o > Image
T 002
/ £ od
I
3
smoothing
error
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Inversion Precision: Comparisons
Pythia

direct
<o < 0.6
35 38
Zo(i zZ 'o é
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Two Correlation Types

correl ated and anticorrelated rare events
IgQ
mixed < exceptional
" reference events
. common
events

A

(GeV/c)?
500 508
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S0 Cr o,
ROTONE ~
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u-Au frequency

% o not an autocorrelation! 0 Nn.-N
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Autocorrelations and Conditional Distributions

conditional distributions ,

trigger-associated oeriodic

Yo n
Qo ’ P d
... Q, Q,
(I trigger trigger
: : condition An condition AQ
Qytl ytl nl | (pl
Qs symmetric, untriggered ~ autocorrelations seriodic!
Yo ® ¢
Q,
a )
Qin Yu N, 0
2
Ao, (NN, @) o1 AN, andAn d’N . (An,0¢) | dAndAg
\/ Pres (N775, A) Niigger AP Nyigge
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L eading-particle vs Symmetric

mixed-pair reference 20(N;7,, 4 :Q, ,Q, )

e assoclated - | subtraction \/pref (n;/yA,(pA;Qytz,Qym)
> B trigger  ppdae e
35 l i
iR e
25 §§§
-0.0
15 | O=Q,— 0, | —
autocorrelation w035
1 2 3 4 STAR preliminary A 20' 0.3;
Yu autocorr x acceptance oz
e Thedistribution aboveis o A 2
. . . . 7> ""‘~~:::: <
sibling — mixed, with gggé £ b
background removed 00 Y * 8 0os
: : ‘ F 0 0 2 1
» Triggered backgroundsrequire ~/ 2 S 80 6,
model subtraction d’N_,;, — background: Ap=0—dy,
N. . dAndA
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Summary

« Anintegral equation connects fluctuation scale
dependence with corresponding autocorrelations

* |Inversion of the integral eguation produces
autocorrelations equivalent to direct pair counting

 Fluctuations are thereby directly interpretable in
terms of the underlying two-particle correlations

e Autocorrelations are complementary to leading-
particle techniques for studying nuclear collisions
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