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§  Understanding	  the	  vn	  gives	  understanding	  of	  the	  nature	  of	  ini:al	  

geometry	  and	  fluctua:ons	  in	  it.	  
§  Complementary	  informa:on	  can	  be	  obtained	  by	  studying	  correla:ons	  

between	  the	  phases	  Φn of	  the	  vn.	  

Introduc:on	  and	  mo:va:on	  
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Origin	  of	  the	  event	  plane	  correla:ons	  
3	  

Similarly correlations can occur between three planes of different orders:	  

Representa:on	  of	  flow	  vector:	  

Hydro	  response	  is	  linear	  for	  v2	  and	  v3:	  

Eccentricities of initial geometry	  Non-‐linear	  terms	  possible	  for	  higher	  n	  

Hydrodynamic response to eccentricities	  
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Quan:fying	  the	  two-‐plane	  correla:ons	   4	  

§  The	  correla:ons	  are	  en:rely	  described	  by	  the	  differen:al	  distribu:on:	  

§  The	  mul:plica:on	  by	  the	  Lowest	  common	  mul-ple,	  ‘k’	  removes	  the	  n/m-‐fold	  
ambiguity	  in	  Φm/Φn.	  	  

§  The	  distribu:on	  can	  be	  expanded	  as	  a	  Fourier	  series.	  
§  The	  Fourier	  coefficients	  	  V	  Jn,m	  quan:fy	  the	  strength	  of	  the	  correla:on.	  

	  

§  Observables	  in	  general:	  

  

dNevents

d(k(Φn −Φm ))
: k = LCM (m,n)
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Measure	  correla:on	  between	  EP,	  followed	  by	  a	  simple	  resolu:on	  correc:on.	  	  

	  
	  

cosk Φn −Φm( ) =
cosk Ψn −Ψm( )

Res kΨn{ }Res kΨm{ }

Desired correlator 
Observed correlator 

Resolution for individual planes Res kΨn{ }= cos2 kΨn − kΦn( )

Accoun:ng	  for	  detector	  resolu:on	   5	  

True	  planes	  :	  Φn	  	  
	  

Measured	  	  planes:	  Ψn  (different than true planes due to finite detector resolution)	  

  
cos(ncnΦn + mcmΦm + lclΦl ) =

cos(ncnΨn + mcmΨm + lclΨ l )
Res{ncnΨn}Res{mcmΨm}Res{lclΨ l}

Three	  plane	  correla:on	  	  



List	  of	  correlators	  measured	  

“2-3-5” 

“2-4-6” 

“2-3-4” 

Two	  plane	  

Three	  plane	  
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§  Scalar	  product	  method	  (weighted	  correla:ons)	  is	  improvement	  of	  EP	  method	  
that	  takes	  into	  considera:on	  Event-‐by-‐Event	  flow	  fluctua:ons	  

	  
§  Each	  event	  is	  weighted	  by	  the	  flow	  vector	  magnitude	  in	  that	  event	  

§  The	  weighted	  EP	  correla:ons	  are	  defined	  as	  
	  

§  The	  formula	  for	  applying	  resolu:on	  correc:ons	  becomes:	  
	  

cos(c1Φ1 + 2c2Φ2....+ ncnΦn ) → q1
c1q2

c2 ...qn
cn cos(c1Φ1 + ....+ ncnΦn ) q1

2c1 q2
2c2 ... qn

2cn

Weighted	  correla:ons	  :	  Scalar-‐Product	  Method	  7	  

qn →
wvn∑
w∑

,w = ET  or pT  
   
qn = (qn cos nΦn ,qn sin nΦn ) Ollitrault	  1209.2323	  

  

cos(c1Φ1 + ....+ ncnΦn )
Weighted

=
q1

obs,c1 × ......× qn
obs,cn cos(c1Ψ1 + ....+ ncnΨn )

(q1
obs,Pq1

obs,N )c1 cos c1(Ψ1
P −Ψ1

N )( ) .... (qn
obs,Pqn

obs,N )cn cos ncn(Ψn
P −Ψn

N )( )

Desired correlator Observed correlator 

Resolution for individual planes (2SE method) 

arXiv:1307.0980	  
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Choice	  of	  detectors	  

|η|<4.9 
ECal+FCal 

Tracks |η|<2.5 

Inner 
detector  

Default	  use	  Calorimeter,	  
ID	  as	  cross	  check	  
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•  Gap is required to remove autocorrelation, more important for Res. 
•  Event-mixing to check acceptance effect (planes taken from different events) 
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So just combine into one measurement 

A & C are symmetric so only 3 combined measurements: Type 1,2,3 

Obtaining	  raw	  event-‐plane	  correla:ons	   9	  



Expecta:ons	  from	  Glauber	  model	  
§  Plane	  direc:ons	  in	  configura:on	  space	  

§  Expected	  to	  be	  strongly	  modified	  by	  medium	  
evolu:on	  in	  the	  final	  state	  (Qiu	  and	  Heinz,	  arXiv:1208.1200)	  
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arXiv:1208.1200	  
	  	  	  	  	  	  	  	  	  	  1203.5095	  
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Small	  observed	  signal,	  good	  resolu:onà	  small	  corrected	  signal	  (<0.02)	  	  	  	  

cos6 Ψ2 −Ψ3( )
Res 6Ψ2{ }Res 6Ψ3{ } = cos6 Φ2 −Φ3( )

Observed correlation Combined Res 
Corrected result 

Correla:on	  between	  Φ2	  and	  Φ3	  
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Correla:on	  between	  Φ2	  and	  Φ4	  

§  Coefficients	  decrease	  slowly	  with	  j,	  imply	  a	  sharp	  Φ2-‐Φ4	  correla:on.	  
§  Very	  different	  from	  correla:ons	  in	  ini:al	  state	  (Glauber)	  	  
§  What	  happens	  if	  we	  include	  final-‐state-‐interac:ons?	  

cos4 Φ2 −Φ4( ) cos8 Φ2 −Φ4( ) cos12 Φ2 −Φ4( )
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Correla:on	  between	  Φ2	  and	  Φ4	  

§  Correla:ons	  beau:fully	  reproduced	  in	  AMPT	  model	  	  
§  AMPT	  results	  from	  arXiv:1307.0980	  (Bhalerao	  et.	  al.)	  
§  Model	  tuned	  to	  reproduce	  vn	  also	  reproduces	  EP	  correla:ons	  

cos4 Φ2 −Φ4( ) cos8 Φ2 −Φ4( ) cos12 Φ2 −Φ4( )
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Correla:on	  of	  Φ2	  or	  Φ3	  with	  Φ6	  	  

§  Φ2	  and	  Φ3	  weakly	  correlated,	  but	  both	  strongly	  correlated	  with	  Φ6.	  
§  They	  show	  opposite	  centrality	  dependence	  

§  Φ2-‐Φ6	  correla:on	  may	  due	  to	  average	  geometry..	  	  
§  But	  Φ3-‐Φ6	  correla:on?	  	  
§  v6	  dominated	  by	  non-‐linear	  contribu:on:	  v23,	  v32	  ?	  

cos6 Φ2 −Φ6( ) cos6 Φ3 −Φ6( )
14	  



Correla:on	  of	  Φ2	  or	  Φ3	  with	  Φ6	  	  

§  Final	  state	  interac:ons	  reproduce	  the	  correla:ons	  

cos6 Φ2 −Φ6( ) cos6 Φ3 −Φ6( )
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Φ3	  vs	  Φ4	  	  and	  Φ2	  vs	  Φ5	  	  
cos12 Φ3 −Φ4( ) cos10 Φ2 −Φ5( )

correlations are weak (< few %)  
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Three-‐plane	  :	  	  “2-‐3-‐5”	  correla:on	   17	  

§   Φ5	  and	  Φ3	  are	  individually	  weakly	  correlated	  with	  Φ2	  	  

§ 	  	  But	  (2Φ2	  + 3Φ3	  -‐ 5Φ5	  )	  	  correla:on	  is	  non-‐zero	  
§ 	  	  Glauber	  geometry	  does	  not	  match	  the	  correla:on	  	  

(2Φ2	  + 3Φ3	  -‐ 5Φ5	  )=	  3(Φ3	  -‐ Φ2)	  -‐	  5(Φ5	  – Φ2)	  

(-8Φ2	  + 3Φ3	  + 5Φ5	  )=	  3(Φ3	  -‐ Φ2)	  +	  5(Φ5	  – Φ2)	  	  

v5e
i5Φ5 =α 5ε5e

i5Φ5 + β2,3,5v2e
i2Φ2v3e

i3Φ3



Three-‐plane	  :	  	  “2-‐3-‐5”	  correla:on	   18	  

§   Φ5	  and	  Φ3	  are	  individually	  weakly	  correlated	  with	  Φ2	  	  

§ 	  	  But	  (2Φ2	  + 3Φ3	  -‐ 5Φ5	  )	  	  correla:on	  is	  non-‐zero	  
§ 	  	  Glauber	  geometry	  does	  not	  match	  the	  correla:on	  	  

(2Φ2	  + 3Φ3	  -‐ 5Φ5	  )=	  3(Φ3	  -‐ Φ2)	  -‐	  5(Φ5	  – Φ2)	  

(-8Φ2	  + 3Φ3	  + 5Φ5	  )=	  3(Φ3	  -‐ Φ2)	  +	  5(Φ5	  – Φ2)	  	  



Three-‐plane	  :	  	  “2-‐4-‐6”	  correla:on	   19	  

AMPT	  



Three-‐plane	  :	  	  “2-‐3-‐4”	  correla:on	   20	  

AMPT	  



§  In	  a	  recent	  paper	  (arXiv:1206.1905)	  Teaney	  and	  Yan	  have	  pointed	  out	  that	  it	  
might	  be	  berer	  to	  quan:fy	  the	  ini:al	  geometry	  by	  cumulants	  	  cn	  

§  The	  cumulants	  are	  related	  to	  the	  eccentrici:es	  by:	  

§  Is	  this	  parameteriza:on	  berer?	  

Alterna:ve	  parameteriza:on	  of	  ini:al	  geometry	  21	  

§  Typically	  ini:al	  geometry	  in	  Heavy-‐Ion	  collisions	  is	  quan:fied	  by	  the	  eccentrici:es	  εn:	  	  

z = reiφ



Correla:ons	  In	  ini:al	  geometry	   22	  

Compare	  correla:on	  between	  cumulants	  to	  the	  ATLAS	  EP	  correla:ons	  
1.  Do	  much	  berer	  job	  than	  the	  correla:ons	  between	  the	  εn	  
2.  Indica:ve	  that	  when	  we	  define	  ini:al	  geometry	  in	  terms	  of	  εn,	  we	  have	  to	  take	  into	  considera:on	  a	  large	  

degree	  on	  non-‐linear	  response	  in	  genera:on	  of	  the	  vn	  	  

 

vne
iΦn ∝εne

i Φn + significant non-linear contribution from εm (m < n)

vne
iΦn ∝ cne

i Φn + small non-linear contribution from cm (m < n)

See	  also	  
arXiv:1312.3689	  
Teaney	  &	  Yan	  



Can also constrain η/s, initial geometry 23	  

arXiv:1208.1200	  :	  Qui	  &	  Heinz	  
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Dependence	  on	  η	  gap	  :	  EP	  method 24	  
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Dependence	  on	  η	  gap	  :	  SP	  method 25	  



Two-plane correlations : ID 26	  



Three-plane correlations : ID 27	  



Event	  plane	  correla:ons:	  Summary	  
§  ATLAS	  has	  measured	  correla:ons	  between	  two	  and	  three	  event	  planes	  

§  Significant	  correla:ons	  are	  observed	  for	  	  

§  Correla:on	  is	  very	  small	  but	  nonzero	  for	  	  
§  Correla:on	  is	  nega:ve	  for	  	  

§  Completely	  new	  flow	  observable	  

§  Most	  non-‐zero	  correla:ons	  very	  different	  than	  Glauber	  model	  εn	  correla:ons.	  
§  Indicate	  that	  these	  are	  generated	  dynamically	  via	  hydrodynamic	  evolu:on.	  
	  

§  This	  measurement	  provides	  new	  constraints	  for	  models.	  
§  Further	  constraints	  on	  η/s,	  ini:al	  geometry	  

§  Indicate	  that	  cumulants	  might	  be	  berer	  parameteriza:on	  of	  ini:al	  geometry	  

Qiu	  and	  Heinz,	  arXiv:1208.1200	  
Teaney	  and	  Yan,	  arXiv:1206.1905	  
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